The structure of the initial system-environment state is fundamental to determining the nature and characteristics of the evolution of such an open quantum system. The usual assumption is to consider that the initial system-environment state is separable. Here, we go beyond this simple case and derive the evolution equations, up to second order in a weak-coupling expansion, that describe the evolution of the reduced density matrix of the system for any arbitrary system-environment initial state. The structure of these equations allows us to determine the initial conditions for which a Lindblad form can be recovered once applying the Markov and secular approximations.
The structure of the initial system-environment state is fundamental to determining the nature and characteristics of the evolution of such an open quantum system. The usual assumption is to consider that the initial system-environment state is separable. Here, we go beyond this simple case and derive the evolution equations, up to second order in a weak-coupling expansion, that describe the evolution of the reduced density matrix of the system for any arbitrary system-environment initial state. The structure of these equations allows us to determine the initial conditions for which a Lindblad form can be recovered once applying the Markov and secular approximations.
The dynamical properties of the reduced density matrix of an open quantum system (OQS) are strongly dependent on the initial condition considered [1] . In this regard, Pechukas [2] was the first to point out that initially correlated states between the system and its environment might lead to dynamics that do not preserve the property of complete positivity. This idea was the subject of an intense debate with Alicki [3] , who argued that all physically meaningful initial states should lead to complete positive dynamics. Since those early papers, this subject has been the basis of many works that aim at formally determining which types of initial state lead to certain desirable properties such as linearity or complete positivity [4] [5] [6] [7] [8] [9] [10] [11] [12] . The existence of initial correlations may modify not only the system dynamics, but also the exchange of information between the system and the environment that exists during the decoherence process. In this regard, an initial flow of information from the environment to the system has been linked to the presence of such initial correlations [13] (see also [1, 14] and references therein). More recently, the occurrence of systemenvironment correlations generated during the evolution has been linked to non-Markovianity [15, 16] .
Many previous studies of system dynamics for an initially correlated state consider an exactly solvable model [13, [17] [18] [19] . Other proposals analyze the reduced dynamics of an OQS considering an initial thermal state for the full system and expanding it into a first term, which is separable, and a second term, which accounts for the correlations and is of first order in the coupling parameter between system and environment [20, 21] . This allows one to consider standard projection operator techniques in combination with a weak-coupling expansion. A third approach is based on correlated projection operators [1, [22] [23] [24] [25] , where a fixed form for the relevant (in the sense that its trace over the environment gives rise to a good approximation of the reduced density operator of the system) part of the total density operator is assumed as an ansatz. In addition, the reduced hierarchical equations of motion, which are particularly adapted to exponentially decaying environment correlation functions, have also been extended to deal with correlated initial conditions [26] .
Here, we adopt a different approach that is based on considering a reduced propagator of the evolution operator in a Bargmann coherent state basis as defined in [27] [28] [29] , and on a weak-coupling approximation between system and environment. Based on this, we derive an evolution equation for the reduced density matrix that is valid for any arbitrary initial state and for any environment spectral density, and is also free from any ansätze. Moreover, the resulting equation is deterministic, i.e. its practical usage does not rely on a stochastic sampling like the derivation in [29] . The analysis presented here can also be straightforwardly extended to multi-level or many body OQSs. In addition, considering this equation in the Markov and secular approximation limits, we show what types of initial states (do not) give rise to an equation that is of a Lindblad form, and, therefore, (do not) preserve complete positivity.
Let us consider an OQS with Hamiltonian H S , linearly interacting with a harmonic oscillator environment described by a Hamiltonian H B = λ ω λ a † λ a λ , such that the total Hamiltonian is
with B = λ g λ a λ an environment operator that depends on the ladder operators a λ , a † λ , and L is an operator acting on the Hilbert space of the system. The g λ 's are the coupling constants, which can be made real, and the ω λ 's are the frequencies of the environment harmonic oscillators. Let us consider initial states of the general form
where M is an integer, and φ γ s (0) and φ γ B (0) are system and environment operators, respectively. The reduced density matrix at a time t can then be written as
where we have defined ρ
iHB t e −iHtott the evolution operator in the interaction picture. Let us now consider a Bargmann coherent state basis for the environment [30] , so that each state is given as a tensorial product of the states of all the oscillators |z 0 = |z 0,1 |z 0,2 ...|z 0,λ ..., and define
where we have considered the closure relation of the Bargmann basis M 0 [|z 0 z 0 |] = 1, and
. Hence, we can write the reduced density operator as in Eq. (3), where now [27] and further generalized in [28, 29] , are the matrix elements of the total evolution operator in the Bargmann coherent basis of the environment. Hence, they are defined in the Hilbert space of the system, representing transitions between the environmental state |z 0 to |z 
up to third order in the perturbative parameter, with an initial condition given by
where we have used G(z
. In Eq. (6) we have also defined V t A = e iHS t Ae −iHS t for any system operator A, z 0,t = i λ g λ z 0,λ e −iω λ t , where z 0,λ are the complex eigenvalues of the annihilation operator, a λ |z 0,λ = z 0,λ |z 0,λ , and α(t, τ ) = λ g 2 λ e −iω λ (t−τ ) , which is the environment correlation function.
In order to proceed further and derive the evolution of Eq. (5), it is necessary to compute the average M 00 ′ [· · · ] of Eq. (6). The resulting equation for ρ γ s (t) can be writ-
where we have defined a series of correlation functions
For reasons that will become clear later, we shall expand
Bqq . Note that Eq. (8) involves certain correlation functions that depend on t and τ , but not on their difference t − τ . Hence, as we will see below, these functions will vanish for environments at equilibrium. The form of the functions (9) for a general environment operator, φ γ B = np c γ np |n p|, where |n is the Fock basis and H B is diagonal is discussed in detail in the SM. This allows to determine for which particular initial states the coefficients (9) , and therefore the correlation functions, are non-vanishing.
Different types of initial state-Let us consider first special linear states (SL), which, following the definition in [9] , are states of the general form (2) where we can rewrite φ 
where now all correlations depend on time differences t−τ as is typical of environments in equilibrium.
Let us now consider non-special linear states (NSL), which can be written as Eq. (2) For initially decorrelated states ρ tot (0) = ρ s ⊗ρ th B , with ρ th B a thermal equilibrium state, it is known that the Markov and secular approximations on a second-order weak-coupling master equation lead to a Lindblad form [1, 25] . When considering these approximations in the more general second-order Eq. (8), we find that
Here we make use of the spectral decomposition of the coupling operators
, with Π(ǫ) representing a projection onto the eigenspace belonging to the eigenvalue ǫ of H S , which is assumed to have a discrete spectrum. These coefficients and the derivation of Eq. (12) can be found in the SM. The relevant observation here is that, in general, only when
Of the three cases discussed above, this one corresponds to that of an environment in an equilibrium state. In the following, we illustrate our formalism for two different examples. Example 1-Let us consider a three-level atom in a Vconfiguration, shown in Fig. 1 , that is coupled to the electromagnetic field, with the transition |g ↔ |e 2 driven by a laser with frequency ω L and coupling ǫ L . In the laser rotating frame, the Hamiltonian is given by Eq. (1), with
Here, we have defined ∆ j = ω j − ω L , and ∆ k = ω k − ω L , with ω j and σ j = |g e j | corresponding respectively to the transition frequencies and transition operators from each of the two excited states |e j to the single ground state |g . The environment is characterized by a linear dispersion relation ω k = ck (we set c = 1), and a sub-ohmic spectral density J(ω) = αω 1/2 e −ω/ωc . We first consider an initially entangled state with the environment, which is a NSL of the form ρ
where |1 k is the state with zero excitations in all modes and one excitation in the mode with frequency ω k , and
with σ the Gaussian width. Also, the normalization condition requires that
This state, expressed in a coherent state basis, is
with |ψ(z 0 ) = A|e 1 + B|e 2 + C k G k z * 0k |g . The resulting initial density matrix can be written as Eq. (2),
The evolution equation for the reduced density matrix ρ s (t) is also given by an equation of the general form (8) (see SM for details). Fig. 1 shows the evolution of the entanglement between the V −atom and its environment, as measured by the von-Neumann entropy, for these two types of initial condition. Different curves correspond to different laser intensities ǫ in a rainbow scale, where the larger the intensity the more blue the curves. As can be observed, the two initial conditions lead to dramatically different dynamics and steady states: while ρ SL tot (0) produces an entanglement growth, ρ NSL tot (0) shows an entanglement decay from the initial value.
Example 2-We now analyze the dynamics of a twolevel system with states |g and |e coupled to a bosonic field, considering a total Hamiltonian (1) with 
Let us consider the evolution of the emission rate R(t) = −d σ z (t) /dt, with σ z = 2σ + σ +1. In the Markov limit and for a single atom coupled to an environment in equilibrium, this quantity has a positive value at t = 0 and thereafter decays until the atomic population reaches its steady state. NonMarkovian effects lead to an initial increase of R(t), due to the increase of the atomic dissipation rate from zero to a finite value (see bottom panel of Fig. 2) . However, as observed in Fig. 2 , the presence of initial correlations (top and middle panels) leads to a rate that initially acquires negative values, which produces an initial gain in populations. A similar increase of populations (and thus negative values of R(t)) can also be observed when considering zero correlations but an environment not in equilibrium (see example 3 in SM).
In summary, we have derived a general set of equations that characterize the evolution of an OQS considering an arbitrary total (system and environment) initial state. These evolution equations contain not only the terms that appear in the master equation for initially decorrelated states, but also other terms that depend on new correlation functions. These correlations depend on the coefficients (9), which are non-vanishing only for certain types of initial states. We note that the practicality of the derived equation is based on the fact that these coefficients are computed, for each case, by solving well-known Gaussian integrals. In addition, we have shown that only initial states of the general form (2) Let us first derive Eq. (6) in the main text. To this order, and following a procedure similar to the one in [1] , we consider the evolution equation for the propagator G(z
( .1) with z i+1 = z 0 and z i = z ′′ 0 . In this equation, we have defined the functions z t as
where z i,λ are the complex numbers such that a λ |z i,λ = z i,λ |z i,λ , and
is the environment correlation function. Considering (.1), the evolution equation of ρ s (z 0 , z
In order to obtain the master equation up to second order in the perturbative parameter, we can use the perturbative expansion in the interaction picture with respect to the system:
Such an expansion, up to first order in g, reads
where
, shall be inserted in the average of the noise term z ′′ 0,t , such that we get
( .6) In order to perform the average over z 
we get for (.6),
up to second order in the perturbative parameter g. The former expression is written in terms of
which is the first-order expansion of ρ γ (z 0 , z ′ 0 |t). Note that the last expression is in terms of
This quantity appears in a term that is already of first order in g, which means that we can consistently replace
Hence, up to second order, we find
In the same way, and once again up to second order in g, we have
Inserting (.12) and (.13) in (.3), we get the evolution for ρ s (z 0 , z ′ * 0 ) up to second order, as given by Eq. (6) in the manuscript.
DERIVATION OF EQ. (8)
Let us now derive the evolution equation (8) 
Since the quantities z i,t are already of first order in the weak coupling parameter g, we can replace
and where the zero-order terms are
0 z0 . Thus, we find, up to second order in g, that
As before, we solve the three main terms of the last expression as
up to second order in g, and the functions A, B and C are defined in the main text. The resulting equation for ρ γ s (t) can be written as in Eq. (8) by just considering the fact that the functions B and C are already of second order in g so that it is possible to replace ρ 
Correspondingly, we find that the coefficients of Eq. (9) in the main text, namely
can be written as
From these expressions, it can be seen that in an evolution up to second order in the weak coupling parameter, we can only capture the effects of diagonal elements of φ γ B (0) that correspond to transitions between certain Fock states (see Table I ). Similarly, this also means that we will only be able to capture the entanglement between the system and the environment that involves environment states which are related according to the column in the right-hand side of Table I . We finally note that in the previous calculation and throughout the paper, we have utilized the following Gaussian integrals:
where, as earlier defined, dµ 
DERIVATION OF EQ. (12).
Let us compute the Markov and secular limits of Eq. (8) in order to analyze for which initial states the resulting equation has a Lindblad form. To this order, and following the standard method that is considered for initially decorrelated conditions [2, 3] , we first re-write Eq. (8) in the interaction picture with respect to the system:
and consider the spectral decomposition of the coupling operators
, where Π(ǫ) represents a projection onto the eigenspace belonging to the eigenvalue ǫ of H S , which is assumed to have a discrete spectrum. Note also that L + (ω) = L(−ω). In terms of these quantities, Eq. (.22) can be re-written in the long-time limit as Eq. (12) in the main text, where we have defined the coefficients:
which can be further simplified as
where P denotes the Cauchy principal value, and we have defined
We now consider an initially entangled state with the environment, |Ψ 0 = Aσ
|1 k is the state with zero excitations in all modes and one excitation in the mode with frequency ω k , and
This state, expressed in a coherent state basis, is 
which, when replaced in the definition of the correlation functions in the main text, lead to 
Example 3
We now analyze the dynamics of a two level system like the one in Example 2 in the main text, i.e. considering a total Hamiltonian H S + λ ω λ a † λ a λ +B † L+BL † with H S = ω 1 σ + σ, H B = k ∆ k a † k a k , and L = σ+σ + , with σ = |g e|. We then consider an initially entangled state of the form ρ . This means that, although the system is initially decorrelated, the environment is not in an equilibrium state in the sense described in the main text, i.e. it contains off-diagonal elements in the basis of H B . As shown in Fig. S1 , the populations for both initially entangled state ρ NSL tot (0), and initially decorrelated (but non-equilibrium) state ρ SL tot (0) present an initial growth just as in Example 2 of the main text. As shown in Fig. S2 , this corresponds to initial negative values for the decaying rate R(t).
